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Outline of the Lecture

e Lecture 1
— Introduction
— Review of lattice QCD simulations (c.f. R.Gavai)
— Quick overview of the framework (HAL QCD method)
— Review of scattering problems

e |ecture 2 (tutorial)
— Nambu-Bethe-Salpeter (NBS) wave function
 Derivation of it's asymptotic behavior

— Scatterings on the lattice
e Derivation of Lushcer’s formula 5




Outline of the Lecture

e | ecture 3

— Application to Nucleon-Nucleon (NN) interaction
* Energy independent potential

— Other two-baryon interactions w/ hyperons

e Lecture 4

— Application to Three-Nucleon (3N) interaction
 Unified contraction algorithm

— Summary / Prospects

Any questions are welcome !
01/24/2013 3



Our Approach [HAL QCD method]

NBS wave func. Lat Nuclear Force
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Nuclear Forces from Lattice QCD
[HAL QCD method]

e Potential is constructed so as to reproduce
the NN phase shifts (or, S-matrix)

 Nambu-Bethe-Salpeter (NBS) wave function
Y(r) = (O|N(Z + r)N(Z)|2N)

E = 2ym?2 + k2
(V24+ED)(@) =0, >R

— Wave function €=» phase shifts T
) ~ ASln(kr—lw?{Z +@ % A

L
M.Luscher, NPB354(1991)531 a

01/24/2013 CP-PACS Coll., PRD71(2005)094504 A
C.-J.Lin et al., NPB619(2001)467
Ishizuka, PoS LAT2009 (2009) 119




How to calculate NBS wave function
on the lattice ?

* 4pt correlation function
G(7,t —tg) = Z(O|N(F’—{—a?’,t)N(f,t)W(to)\O)
= fe—En“—to)zmww 7, 0)N (7, 0)| En) (B[ NN (0))
L o z;<g N(7+ 7,0) N (T, 0)| Eo) (Eo[ NN (0))

—, !

T

— Extract the NBS wave function of ground state (g.s.)
after the saturation (t >> t0)

01/24/2013 SERCNP2013 @ Kolkata



i Nuclear Potential (from Lat QCD)

NBS wave function Nuclear Force

NN wave function ¢(r)
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mn = 530MeV, L=4.4fm
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How to calculate NBS wave function
on the lattice ?

* 4pt correlation function
G(7,t —tg) = Z(O|N(F’—{—a?’,t)N(f,t)W(to)\O)
= fe—En“—to)zmww 7, 0)N (7, 0)| En) (B[ NN (0))
L o z;<g N(7+ 7,0) N (T, 0)| Eo) (Eo[ NN (0))

—, !

T

— Extract the NBS wave function of ground state (g.s.)
after the saturation (t >> t0)

— Toward more quantitative results:

 G.S. saturation is really feasible to achieve ?



The Challenge

e S/N Issue at light mass Parisi, Lepage (1989)
— To achieve ground state saturation, take t — o

Single nucleon
Signal (N(t)N(0)) exp(—mnt)
Noise  \/(NN(t)NN(0)) \/exp —3mt)

~ exp[—(mn — 3/2m, ) X t]

Nucleons w/ mass number = A

Signal

, ~exp[—A X (mn — 3/2m,) X t]
Noise

— Situation gets worse for larger volume
€ large spectral density by scatt. states

72 1 /27)\°
AFE ~ b ~ (—W) ~ 15MeV for L = 10fm
my my L

>
-
>
UG
|
DO
~

(]
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Solution

« Central feature:
— Energy-independence of the potential

— Existence proof is possible

U(r,r') = %+ki)wn(r)f\ﬁmwzf(r’) Nows = [ drts (r)n ()

— Non-locality of the pot. =» derivative expansion

Okubo-Marshak(1958)

U(7,r") = Ve(r)+S12Vp(r)+L-SVg(r)+0O(V?)
LO LO NLO NNLO

Aoki-Hatsuda-Ishii PTP123(2010)89

01/24/2013 Aoki et al. arXiv:1212.4896 [hap-lat] 10
Check on convergence: K.Murano et al., PTP125(2011)1225



Most general form of the potential

V (71, 7, V1, Va; G1,02) Okubo-Marshak(1958)
e Imposed condition
— Hermiticity Vi=V
_ Energy/Momentum conservation V(7 Vi1, Va; &1, 82), 7= 71 — i
— Galilei invariance V (7, Vy; 51, 52)
V. scalar

— Rotational invariance
— Parity conservation
— Time reversal V(r,V,;d1,02) =V (r,—V,; =61, —02)

r r
— Pauli principle V(F,V,:G1,02) = V(=F, =V, 32, 51)
e LO
1 (unit operator), (& -ds), Sia =3(d1-7)(02-7) — (61 - d2)
* NLO
(E . g‘) Independent DoF in Isospin space:

1 (unit op.), (71 -72)




Solution: Extract the signal from excited states

N.Ishii et al. (HAL QCD Coll.) PLB712(2012)437

E-indep of potential U(r,r’) = (excited) scatt states share the same U(r,r’)
They are not contaminations, but signals

=» Schrodinger Eqg. : time-independent = time-dependent

9, 1 o2 /2 4 k2 = B, = — J
<_a + Rﬁ o HO) R(T?t) — /dT,U(ra T,)R(T,at) ymiA =8 O

Grand State (G.S.) saturation is NOT necessary !

Significant advantage of potential method:
AE ~ Ey, — E ~m, ~140MeV = Moderate t >~ 10 would be fine

Explicit Lat calc for 1=2 pipi phase shift

Beautiful agreement between

(1) Luscher’s formula w/ g.S. saturation
(2) the HAL QCD method w/ & w/o g.s. saturation

01/24/2013 12
T.Kurth et al. (HAL-BMW Coll.) @ Lat2012




Explicit check on the new t-dep HAL method

NN system N.Ishii et al. (HAL QCD Coll.) PLB712(2012)437
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-0 0 - . Il.s - e s ;1 0.5 1 r”m]m 2 25
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(1) NN potential on the lattice

V(1) [MeV]

“di-neutron” channel 'S,

(positive parity)

QS—I—lLJ

= central force

“deuteron” channel 3S;—3D; = central & tensor force
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Nf=2+1 clover (PACS-CS), 1/a=2.2GeV,
L=2.9fm, mn=0.7GeV, m=1.6GeV
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MeV

NN potential on the lattice
(negative parity) 2S+17,

S=1 channel: 3p,, 3p,, 3P, 3F,
— Central & tensor forces in LO

— Spin-orbit force in NLO
e Injecta momentum=>  J' = A7, 17, Ty

100 | =7 ——
Vv :
LS S o 3
Mm-—-—c—q_._ _
° - ~. LS——|—1f0T PQ
100 | . ' -
0 Superfluidity 3P, in neutron star
-200 + | . .
€-> neutrino cooling
-300 v °
. . , €= Cas A NS: cooling is being measured !
0 0.5 1 1.5 2

fm [K.Murano] 15
Nf=2 clover (CP-PACS), L=2.5fm, mn=1.1GeV



Hyperon Forces

n: neuroton P

proton
S=0

| ()

New DoF in
nuclear physics

= @
= rangeness

L e

o FH=HFH e HeFHeHH e H U 6

8X8= 10% + 10 + 8a
anti-symmetric
01/24/2013
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| SU3) study |

(2) Hyperon forces
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27,10%*:
Same as NN

Repulsive core
€ Pauli principle!

- 8s,10:
strong repulsive core
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1s: deep attractive pocket
8a: weak repulsive core

T.Inoue et al. (HAL QCD Coll.), NPA881(2012)28

Also seen in Takahashi et al. (2010), Kawanai et al. (2010)
Meson-baryon, Y.lkeda et al., arXiv:1111.2663

M.Oka et al., NPA464(1987)700

= Study of baryonic matter & Neutron Star [T.Inoue ]



H-dibaryon (uuddss, 1=0,'S,)
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Coupled channel study is essential
AA-NZ=Z-YX
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Coupled channel beyond SU(3)
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Hyperon Interactions in S= -1
AN XN =3/2)

(single channel study)
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[H. Nemura] AN-XN coupled channel study 20

is also in progress



 Many other applications
— Meson-meson, incl. resonance channels
— Meson-baryon system
— Baryon-baryon incl. decuplet
— Inter-quark potential
—and much more...

— Tomorrow: Three-body systems

—Very new field ( less than 10yrs)
YOUR new idea Welcome !

01/24/2013 SERCNP2013 @ Kolkata
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A few remarks on the Lattice Potential

o Potential is NOT an observable and is not unique:
They are, however, phase-shift equivalent potentials.

— Choosing the pot. (sink op.) €=» choosing the “scheme”

 We study potential (+ phase shifts), since:
— Convenient to understand physics
— Essential to study many-body

Lat —» 5E —7 U(’T‘)

— many-body

Lat
C T L U

— many-body

— Finite V artifact better under control
— EXxcited states better under control

01/24/2013 SERCNP2013 @ Kolkata
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Effective Schrodinger equation with E-independent potential

K(X;E) = (62 + k2) w(X;E) [START] local but E-dep pot. (L3xL3 dof)\

(1) We assume ¥ (x; E) for different E is linearly independent with each other. \
(2) ¥ (x; E) has a “left inverse” as an integration operator as
E= Z«Im,i +k?
[ d3a(z; ENY(Z; E) = 216(E — E')
3) K(x; E) can be factorized N o
(3) K(x; E) can be factorized as // =m, U (%, V)

[ K@ B x [ B8 B
[ dy {Z/dEKu B0 B | (7 B)

K(Z;, F)

(4) We are left with an effective Schrodinger equation with an|E-independent|potenfial U.

(V2 +K2 )w (% E) =my [ d*yU (X, ) (7: E)

Intuitive

|

[GOAL] non-local but E-indep pot. (L3xL23 dof)

01/24/2013 SERCNP2013 @ Kolkata 24
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. ‘ (44)
Asymptotic form of BS wave function [C.J.D.Lin et al_ NPB19,.467(20011]

For simplicity, we consider BS wave function of two pions

vy(®)=(ONE NO\N@ND-in)  [ompEEse
( d’p
— e 1=
IerEmh @l
d'j T T I
J.{E T] 2E. (D) |::'I]|i"-r{j| N [p]:) (N{_f} N{{}} N{gIN(—q). mt)+f{:r]
ZU2 b . disc.+ 2" — — _T{"ﬁ_:@_ ——
my —(2Ey(@)-Ey (D)) +P" I
=E[e""'f+ 1 : { '5'13.?_ . _ -T'[{:'IT] g
(27) - 2E, (D) 4E,(§)-(Ey(P)-E\ () iz)
Integral is dominated by the on-shell contribution E_(p) = E, (q)
< T-matrix becomes the on-shell T-matrix E(F)
: T)(5) = zﬁ (-h)e*@ 1)
=Eh'ﬂld.j +%[-Ez|£¢[.r] _1}]§]+

The asymptotic form

o g Sl +E(E) This is analogous
v, (x)=Ze a (S-Wave) | io a non-rela. wave function

01/24/2013 SERCNP2013 @ Kolkata
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